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Graphene as a zero-bandgap two-dimensional semiconductor with a linear electron band dispersion
near the Dirac points has the potential to exhibit very interesting nonlinear optical properties.
In particular, third harmonic generation of terahertz radiation should occur due to the nonlinear
relationship between the crystal momentum and the current density. In this work, we investigate the
terahertz nonlinear response of graphene inside a parallel-plate waveguide. We optimize the plate
separation and Fermi energy of the graphene to maximize third harmonic generation, by maximizing
the nonlinear interaction while minimizing the loss and phase mismatch. The results obtained show
an increase by more than a factor of 100 in the power efficiency relative to a normal-incidence
configuration for a 2 terahertz incident field.
Graphene as a 2D allotrope of carbon has the poten-
tial to exhibit very interesting nonlinear optical proper-
ties. The linear dispersion relation of the electrons near
the Dirac points leads to a constant electron speed [1–
3]. Thus, the intraband current induced in the graphene
by terahertz (THz) fields displays clipping as we increase
the amplitude of the incident field, which gives rise to
third and higher harmonics in the current and transmit-
ted electric field [4–8]. THz radiation has applications
in areas including ultrahigh speed wireless communica-
tions, medical imaging and sensing, high speed comput-
ing, and optics [14–16]. However, current technologies
for generating THz radiation are limited. Exploiting the
nonlinear response of graphene enables one to produce
higher-frequency THz radiation through the generation
of harmonics. There have been several experimental ef-
forts examining harmonic generation in graphene with
the radiation normally incident upon the graphene sheet
[6, 10–12]. However, in this work, we consider a config-
uration in which the radiation is incident parallel to the
plane of the graphene, which is located inside a waveg-
uide. This increases the interaction time between the
radiation and graphene and thereby potentially increases
the generated third harmonic field.
We employ a Parallel-Plate Waveguide(PPW) rather
than a dielectric waveguide because it allows stronger
confinement of the THz field and thereby yields a
stronger interaction with the graphene. There are two
difficulties that need to be overcome in employing this
waveguide geometry. First, the linear conductivity of the
graphene can result in high losses at the fundamental and
third harmonic as they propagate down the waveguide.
Second, for propagation over distances of more than a
few hundred microns, phase mismatch between the fun-
damental and the third harmonic can become a signif-
icant problem. As we shall show in this work, through
optimization of the graphene Fermi energy, the plate sep-
aration, and the structure length, it is possible to over-
come both of these difficulties and to increase the power
FIG. 1. Metallic parallel-plate waveguide with graphene in-
side. The inner material of the waveguide is Polyolefin and
the graphene is placed at the center of the waveguide.
conversion efficiency by more than a factor of 100 over
that attainable in the conventional normal-incident con-
figuration.
Our parallel-plate waveguide consists of two metallic
plates placed at y = 0 and y = b, with the graphene
midway between the plates as shown in Fig. 1. We
choose the inner material of the waveguide to be cyclic
Polyolefin, with a refractive index of n1 = 1.53 due to
its compatibility with graphene and ease of fabrication
[17]. The THz wave propagates in the z−direction and
we take the plates to be perfect conductors that are infi-
nite in the x−direction. Using Maxwell’s equations and
considering boundary conditions between the regions be-
low and above the graphene, we solve for the linear elec-
tric field in the waveguide [18] for a monochromatic field
of frequency, ω. As the fundamental mode propagates
along the waveguide, the interaction of the electric field
with the graphene generates a nonlinear current in the
graphene due to its third order conductivity, σ(3)(ω). We
employ a Green function approach to solve for the gener-
ated third harmonic electric field in the PPW, including
self-consistently the ohmic losses in the graphene at the
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2fundamental and third harmonic. We optimize the plate
separation and Fermi energy of graphene to obtain phase
matching and low loss, and thereby maximize third har-
monic generation.
For waves travelling in the +z direction, the linear elec-
tric field below and above graphene for the nth transverse
electric (TE) mode can be expressed as
E(1)x (y, z;ω) =Ene
iβ˜n(ω)z sin(k˜ny) 0 < y < b/2 (1)
E(1)x (y, z;ω) =− Eneiβ˜n(ω)z sin(k˜n(y − b)), b/2 < y < b
where En is the amplitude of the field at z = 0, and k˜n is
the complex wavenumber for the field’s y− dependence,
which depends on the linear conductivity of the graphene
(see Sec. I in the supplemental material). The complex
propagation constant in the z−direction, β˜n, of the TEn
mode is given by
β˜n(ω) =
√(
n1ω
c0
)2
− k˜2n, (2)
where c0 is the speed of light in vacuum. If there is no
graphene, i.e., for a bare waveguide, k˜n ≡ k0n = npi/b and
β˜n ≡ β0n, where n is an integer.
In this work, we take the input field at ω to be in the
n = 1 mode and neglect the depletion of the pump due to
the nonlinear interaction, but include linear loss. Using
a Green function approach, we calculate the generated
third harmonic electric field (see Sec. II in the supple-
mental material for more details). For a finite length of
graphene extending from 0 to L, the third order electric
field at (y, z) (where 0 ≤ z ≤ L) is given by
E(3)x (y, z; 3ω) =
∫ L
0
G(z, z0)J
tot
0 (z0; 3ω)dz0, (3)
where G(z, z0) is the Green function, which can be ex-
panded exactly in terms of the bare waveguide modes as
G(z, z0) =
∞∑
n=1
−3ωµ
β0n(3ω)b
sin(
npi
2
) sin(
npiy
b
)eiβ
0
n(3ω)|z−z0|,
(4)
where µ is the permeability of the dielectric and
J tot0 (z0; 3ω) is the total nonlinear current density at 3ω
in the graphene, which given by
J tot0 (z; 3ω) = σ
(3)(ω)[E(1)x (
b
2
, z;ω)]3+σ(1)(3ω)E(3)x (
b
2
, z; 3ω).
(5)
There are two contributions to the nonlinear current.
The first term arises from the nonlinear conductivity of
graphene at ω. In this work, we use the theoretical ex-
pression for σ(3)(ω) derived by Cheng et al. [19]. The
dependence of the conductivity on the Fermi energy for
a fixed frequency of ω0/(2pi) = 2.0 THz is shown in Fig.
S2 in the supplementary material. The second term in
the nonlinear current density is the self-interaction cur-
rent, which arises from the linear interaction of the gen-
erated third harmonic electric field with graphene via the
linear conductivity, σ(1)(3ω), of the graphene at 3ω. For
the doped graphene that we consider here, at THz fre-
quencies the linear conductivity is given simply by the
Drude model for graphene [8, 20] (see Eqs. (S14) and
(S15) in the supplemental material). We note that, for
the range of Fermi energies considered in this work, as
the Fermi energy is decreased, the nonlinear conductivity
increases, while the linear conductivity decreases. Thus,
one expects that a lower Fermi energy will result in a
larger third harmonic field. However due to difficulties
in achieving a uniform doping over graphene sheets that
are millimeters in length, achieving Fermi energies below
20meV is very challenging and so we set this as a lower
limit.
Because the third harmonic field appears on both sides,
we need to solve Eq. (3) self-consistently. In Sec. IV of
the supplemental material, we show how this is done by
converting the integral to a sum and inverting the result-
ing matrix. In Fig. 2, we plot the third harmonic electric
field at the graphene calculated using this approach when
we include only one mode (n = 1) in the Green function
expansion of Eq. (4). We take the waveguide plate sep-
aration to be 70µm, the fundamental frequency to be
2.0 THz, and the input electric field to be 5 kV/cm. The
dashed black curve in Fig. 2 is the generated third har-
monic electric field without the self-interaction term. Ini-
tially the third harmonic grows, then it oscillates until it
settles down to a field of about 0.014 kV/cm. The initial
growth is due, of course, to the current in the graphene at
the third harmonic. The oscillations arise from the poor
phase matching between the fields at ωo and 3ωo, which
are both in the n = 1 mode. For this waveguide, the beat
length between these two fields is 0.12mm, which is what
gives the period of the observed oscillations. The decay
of these oscillations is due to the exponential reduction in
the amplitude of the fundamental field as it is absorbed
linearly by the graphene. The solid blue curve is the
third harmonic field calculated with the inclusion of the
self-interaction term; as can be seen, the self-interaction
results in a decay in the third harmonic, but at a much
slower rate than for the fundamental, due to the decrease
in the linear conductivity with frequency.
If we wish to generate a strong third harmonic, we need
to include more modes in our Green function expansion
and ensure that there is good phase matching between
the fundamental in the TE1 mode and the third harmonic
in at least one of the TEn modes. This will occur if the
effective refractive index difference between these modes,
∆n ≡ nneff (3ω0)− nn=1eff (ω0), (6)
is close to zero, where, nneff (ω) is the effective refrac-
tive index for nth mode at ω defined as nneff (ω) ≡
<{β˜n(ω)}/k, where k ≡ ω/c0. For a bare waveguide,
using Eq. (2), it is easily seen that Eq. (7) is exactly sat-
isfied for n = 3. We therefore choose a device that has
three and only three propagating modes at 3ω0. This
constrains plate separation to be 49µm ≤ b ≤ 70µm.
There is no interaction between of the field in the even
3FIG. 2. The third harmonic field at the graphene for an input
field of 5 kV/cm when only one mode (n = 1) is included in
the Green function expansion. The dashed black curve (solid
blue curve) is for the calculation when the self-interaction is
(is not) included. The plate separation is b = 70µm and the
Fermi energy is Ef = 50meV .
modes and the graphene, so we ignore all even modes in
our analysis.
In Fig. 3, we plot (a) ∆3 and (b) the field loss co-
efficient, α ≡ =(β˜n(ω)), at ωo for three different Fermi
energies as a function of plate separation. As expected, as
the Fermi energy decreases, so generally does the phase-
mismatch and the loss. For Ef = 50meV , for exam-
ple, perfect phase matching occurs for b = 49.64µm.
However, for this plate separation, the frequency of the
propagating mode is close to the cutoff frequency, which
yields a huge loss in the waveguide, as can be seen in
Fig. 3(b). In addition, it is easily shown that the group
velocity dispersion is very large near cutoff. Therefore,
to minimize phase mismatch without suffering these two
detrimental effects, one should choose the plate separa-
tion to be b = 70µm. For a Fermi energy of 50meV and
FIG. 3. (a) Effective refractive index difference between the
n = 3 mode at 3ω0 and n = 1 mode at ω0 and (b) Loss
coefficient in the n = 1 mode at ω0 as a function of plate
separation for three different Fermi energies.
b = 70µm, the loss coefficient at ωo is 1.04mm−1, which
gives the decay length of the oscillations seen in Fig. 2.
We note that for all of the parameters and frequencies
considered in this work, the loss coefficient due to the
graphene is more than an order of magnitude larger than
that which would arise due to the finite conductivity of
the gold plates; this justifies our approach of taking the
plates to be perfect conductors.
The third harmonic field at the graphene for b = 70µm
and a Fermi energy of 50meV is plotted in Fig. 4(a),
where the expression in Eq. (4) has been summed to
convergence [21]. The black dashed curve gives the re-
sult without the self-interaction. As can be seen there is
a rapid rise in the generated field and the final value is
much higher than was found when only the n = 1 mode
was taken into account (see Fig. 2). The oscillations
arise primarily due to the phase mismatch between the
third harmonic field in the n = 1 and n = 3 modes,
which is why they persist even when the fundamental is
essentially gone (z > 1mm). When the self-interaction
is included (solid blue curve), the peak field is somewhat
reduced and the field decays as it propagates. For this
waveguide, the maximum third harmonic is reached at
a length of about 0.78mm. In Fig. 4(b) we plot the
evolution of the generated third harmonic field with loss
included for three different Fermi energies. As can be
seen, the peak field occurs sooner and decreases dramat-
ically as the Fermi energy is increased; this is due to the
increase in the linear loss, the decrease in the nonlinear
conductivity (see in Fig. 3(a)), and poorer phase match-
ing between the n = 1 and n = 3 modes as the Fermi
energy is increased.
FIG. 4. Generated third harmonic electric field at the
graphene using the full Green function (a) for Ef = 50meV
and (b) for three different Fermi energies. In both plots, b =
70 µm and the amplitude of the input field is E1 = 5 kV/cm.
In (a), we plot the field without the self-interaction (dashed
black), with the self-interaction (solid blue) and using the
approximate two-lossy-mode method described later (dotted
red).
We now consider the power efficiency of the device.
This is defined as the ratio of the power in the third
harmonic at the end of the waveguide to the power in
the fundamental at the beginning of the waveguide. In
Fig. 5 we plot the maximum power efficiency as a func-
tion of the Fermi energy, for b = 70µm. As the effi-
ciency simply scales as E41 , we only present the results
for E1 = 5 kV/cm. The device length is taken to be that
at which the efficiency is a maximum; the inset to Fig. 5
shows this optimum length as a function of the Fermi en-
ergy. As expected, decreasing the Fermi energy leads to
4higher power efficiencies. Clearly for high enough fields,
our calculation will yield an unphysical power efficiency
that is greater than 100%, which is simply the result of
the undepleted pump approximation that we have em-
ployed. However, our results indicate that power effi-
ciencies of greater than 10% can be achieved for modest
field amplitudes as low as E1 = 5 kV/cm.
FIG. 5. Power efficiency of the waveguide system as a function
of the Fermi energy for plate separation of b = 70µm and
incident field amplitude, E1 = 5 kV/cm is shown as solid blue
curve. The dashed red curve shows the power efficiency for a
normally-incident field. The inset shows the optimum length
of waveguide as a function of the Fermi energy.
To demonstrate the effect of the plate separation on
the power efficiency, in Fig. 6, we plot dependence of the
ratio of the power efficiency for plate separation, b, to
that for b = 70µm as a function of b. When the input
electric field is fixed at 5 kV/cm for all plate separations
(solid blue curve), the power efficiency ratio changes rel-
atively little with plate separation, but is a maximum for
b = 70µm. However, if we instead take the input power
to be the same for all the plate separations (dashed red
curve), then we see that the efficiency is increased signif-
icantly as the plate separation is decreased. This effect
arises from the increase in the amplitude of the funda-
mental field at the graphene when the plate separation is
decreased, as is shown in the inset to Fig. 6.
Most previous experimental work [6, 10–12] on third
harmonic generation in graphene has employed a ge-
ometry in which radiation is normally incident up on
a graphene sheet. We have compared the results ob-
tained for the power efficiency for such a geometry to
those obtained using our PPW geometry and we find
that for b = 70µm, Ef = 50meV , and E1 = 10 kV/cm,
the power efficiency increases from 0.033% to 3.5% and
for Ef = 20meV and E1 = 5 kV/cm, it increases from
0.032% to 19.0%. As can be seen in Fig. 5, for Fermi
Energies below 50meV , the power efficiency in our PPW
geometry is more than two orders of magnitude greater
than in normally-incident geometry.
We finish this paper by presenting an efficient analytic
approximate method for calculating the generated third
harmonic field for our parallel-plate structure. In this
approach, we only include the n = 1 and n = 3 modes
FIG. 6. Power efficiency ratio as a function of plate separa-
tion for Ef = 50meV . The dashed red curve shows power
efficiency ratio when the input power is fixed, while the solid
blue curve shows it for a fixed input field amplitude. The inset
shows the input field amplitude at the graphene as a function
of plate separation when the input power is fixed.
for the third harmonic, but rather than using the bare
waveguide modes (which form a complete set), we use
a subset of the lossy waveguide modes, which are not
complete but do include the self-interaction. Using Eqs.
(3)-(5) but with lossy modes, without the linear term
in the current and neglecting the backward-propagating
fields (see supplemental material section VI), we obtain
E(3)x (y, z; 3ω) =
∑
n=1,3
3iωµ
β˜n(3ω)b
sin(k˜∗nb/2)sin(k˜ny) (7)
× σ(3)(ω)[E1 sin(k˜1b/2)]3 e
i3β˜1(ω)z − eiβ˜n(3ω)z
3β˜1(ω)− β˜n(3ω)
.
The dashed red curve in Fig. 4 shows the generated third
harmonic electric field for b = 70µm and E1 = 5 kV/cm
using this method. As can be seen, the agreement with
the exact numerical method is excellent. We have found
that this faster and simpler approach is accurate except
when the frequency is very close to the cutoff frequency;
in such cases, because the lossy and lossless modes be-
come very different, multiple modes are required for con-
vergence. For this system, this means that our approxi-
mate approach is accurate as long as the plate separation
is greater than about 55µm.
In conclusion, we have calculated the generation of the
third harmonic of a 2 THz field due to graphene inside a
parallel-plate waveguide and found that power efficiencies
can be increased by more than a factor of 100 relative to
the results for the normal-incidence configuration. The
optimum length of these structures ranges from about
200 to 2000 microns. We found that the highest efficiency
occurs for low Fermi energies and that the dependence on
the plate separation is relatively modest within the range
where three and only three modes are above cutoff. We
believe that this structure would be an excellent platform
to generate third harmonic fields and to investigate the
nonlinear properties of graphene at THz frequenies.
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I. TRANSVERSE ELECTRIC MODES IN THE WAVEGUIDE IN PRESENCE OF
GRAPHENE
In this section, we find the bound modes in the waveguide in the presence of graphene.
The electric and magnetic fields of waves travelling in the +z direction are given by
E(y, z, t) =E(y)eiβ˜n(ω)z−iωt (1)
H(y, z, t) =H(y)eiβ˜n(ω)z−iωt
Transverse electric (TE) modes must satisfy the Helmholtz wave equation.
(
∂2
∂y2
+
∂2
∂z2
+ k2)E(y, z, t) = 0, (2)
∂2E(y)
∂y2
+ (k2 − β˜2n)E(y) = 0.
where k = n1ω
√
µ00 =
n1ω
c0
. The solution for Eq. (2) of a waveguide with two regions,
below and above the graphene, is assumed to be
Ebelow(y) =[A cos(k˜ny) +B sin(k˜ny)]x̂, (3)
Eabove(y) =[A
′ cos(k˜n(y − b)) +B′ sin(k˜n(y − b))]x̂,
where k˜n is the wavenumber, defined as k˜n =
√
k2 − β˜2n, where β˜n is the propagation constant
which is complex in the presence of the graphene determined from β˜n =
√(
n1ω
c0
)2
− k˜2n for
the transverse electrical modes. Considering boundary conditions of the waveguide at y = 0
and y = b, we obtain A = A′ = 0. Continuity of the electric field at the graphene satisfies
B = −B′. Therefore, the linear electric field equations for waves travelling in the waveguide
are given by
Ebelow(y) =En sin(k˜ny)x̂ (4)
Eabove(y) =− En sin(k˜n(y − b))x̂
The surface current density, Js(y, z, t) = Js(y)eiβ˜n(ω)ze−iωt is related to the field at the
graphene by,
Js(y = b/2) = σ
(1)(ω)En sin(k˜nb/2), (5)
where σ(1)(ω) is the linear conductivity of the graphene. We now use the boundary condition
on the magnetic field at the graphene to obtain a second relationship between the current
2
and the electric field. We employ Faraday’s Law to obtain the magnetic field:
Hbelow(y) =
β˜n(ω)
ωµ
En sin(k˜ny)ŷ − ik˜n
ωµ
En cos(k˜ny)ẑ, (6)
Habove(y) =− β˜n(ω)
ωµ
En sin(k˜n(y − b))ŷ + ik˜n
ωµ
En cos(k˜n(y − b))ẑ,
where µ is the permeability of the dielectric. The surface current density at the graphene
can be determined by
Js(y = b/2) =ŷ × (Habove −Hbelow)|y=b/2 (7)
=
2ik˜n
ωµ
En cos(k˜n
b
2
)x̂.
Then, using Eq. (5), we obtain
σ(1)(ω) =
4iφ˜n
ωµb
cot(φ˜n), (8)
where φ˜n ≡ k˜nb
2
. For the linear conductivity of the graphene, we use the Drude-like model
of Sec. (III). Then, we can solve for the complex propagation constant for any mode at a
specific frequency using Eq. (8). In Fig. S1 we plot the TE1 and TE3 modes for a 1 THz
field in a 70µm waveguide in the presence of the graphene for different Fermi energies. The
electric field for both modes is largest close to the centre of the waveguide, as expected, but
due to the surface current at the graphene there is a discontinuity in the derivative of the
electric field at the graphene. It can be seen in the inset that the discontinuity in the mode
profile increases as Fermi energy is increased, which is because of the interaction between
the electric field and the graphene.
II. CALCULATING THE GENERATED THIRD HARMONIC ELECTRIC FIELD
In this section, we solve for the generated third harmonic electric field using a Green
function approach. When there is no graphene (i.e. in the bare waveguide), we can solve for
the magnetic field along the propagation direction, Hz using the Helmholtz wave equation
for TE modes at 3ω, which in rectangular coordinates is given by [1]
(
∂2
∂y2
+
∂2
∂z2
+ k2)Hz(y, z; 3ω) = 0, (9)
3
FIG. S1. The electric field for TE1 and TE3 modes at z = 0 travelling in a waveguide in the
presence of the graphene for plate separation of b = 70µm. Dashed curve (solid curve) shows the
electric field for TE1 (TE3). The discontinuity in the mode profile is highlighted in the insets for
the TE1 and TE3 modes.
To solve for the current at the graphene, we first consider a wire of graphene located at y =
b
2
and z = z0, where the current density is given by J totx (y, z0; 3ω) = J tot0 (z0; 3ω)δ(y − b/2).
The solutions for the forward and backward propagating fields relative to z = z0 can be
expanded exactly as
H+z (y, z; 3ω) =
∞∑
n=1
Bn cos(k
0
ny)e
iβ0n(3ω)(z−z0), (10)
and
H−z (y, z; 3ω) =
∞∑
n=1
Bn cos(k
0
ny)e
−iβ0n(3ω)(z−z0), (11)
respectively, where we required Hz to be continuous at z = z0. In these equations we used
the fact that for the bare waveguide k˜n = k0n =
npi
b
. To evaluate the current, we need to
calculate Hy, which from Maxwell’s equations is given by Hy =
iβ0n(3ω)
k0n
2
∂Hz
∂y
. Then, the
4
current at this point is related to the H−field discontinuity by
J totx (y, z0; 3ω) =[H
−
y (y, z; 3ω)−H+y (y, z; 3ω)]z=z0 (12)
=
∞∑
n=1
iβ0n(3ω)
k0n
Bn sin(k
0
ny) +
∞∑
n=1
iβ0n(3ω)
k0n
Bn sin(k
0
ny)
=
∞∑
n=1
2iβ0n(3ω)
k0n
Bn sin(k
0
ny),
We use the Fourier transform to obtain the coefficients, Bn:
Bn =
−ik0n
β0n(3ω)b
∫ b
0
J tot0 (z0; 3ω)δ(y −
b
2
) sin(k0ny)dy. (13)
From Maxwell’s equations, the generated third harmonic electric field is given by
E(3)x (y, z; 3ω) =
i3ωµ
k0n
2
∂Hz(y, z; 3ω)
∂y
. (14)
Using Hz(y, z; 3ω) =
∑∞
n=1Bn cos(k
0
ny)e
iβ0n(3ω)|z−z0| in Eq. (14), we obtain
E(3)x (y, z; 3ω) =
∞∑
n=1
−i3ωµ
k0n
Bn sin(k
0
ny)e
iβ0n(3ω)|z−z0| (15)
=
∞∑
n=1
− 3ωµ
β0n(3ω)b
sin(k0ny)e
iβ0n(3ω)|z−z0|
∫ b
0
J tot0 (z0; 3ω)δ(y −
b
2
) sin(k0ny)dy
=
∞∑
n=1
− 3ωµ
β0n(3ω)b
sin(k0nb/2) sin(k
0
ny)e
iβ0n(3ω)|z−z0|J tot0 (z0; 3ω),
The total nonlinear current density at 3ω in the graphene at y = b/2 and z = z0 is given by
J tot0 (z0; 3ω) = σ
(3)(ω)[E(1)x (b/2, zo;ω)]
3 + σ(1)(3ω)E(3)x (b/2, z0; 3ω), (16)
where, E(1)x (b/2, z0;ω) is the input field for the n = 1 mode defined as
E(1)x (b/2, z0;ω) = E1e
iβ˜1(ω)z0 sin(k01b/2). (17)
The generated third harmonic field for a finite length of the graphene sample at the centre
of waveguide extends from 0 to L is
E(3)x (b/2, z; 3ω) =
∞∑
n=1
−3ωµ
β0n(3ω)b
sin(k0nb/2) sin(k
0
ny)
∫ L
0
J tot0 (z0; 3ω)e
iβ0n(3ω)|z−z0|dz0. (18)
5
III. LINEAR AND NONLINEAR CONDUCTIVITIES
We determine the linear intraband conductivity of the graphene from the Drude-like
Model. The intraband linear conductivity of the graphene has been calculated by Horng et
al. [2] It is related to the Fermi energy and the radiation frequency by
σ
(1)
i (ω) =
vF e
2τEf
pi~2(1 + iωτ)
, (19)
where vF is the Fermi velocity of the electrons in the graphene, taken to be 1.1× 106m/s,
and τ is phenomenological scattering time which in this work is 50 fs.
Following the work done by Al-Naib et al. [3], the linear interband conductivity is given by
σ(1)e (ω) = −
ie2vF
2pi~
∫ kmax
kf
dk
2vFk − ω − i
τ
sinh(β~vFk)
cosh(βEf ) + cosh(β~vFk)
, (20)
where β defined as
1
kBT
, where kB is Boltzman constant. In Fig. S2, we plot the real and
imaginary parts of the linear conductivity at ω0 and 3ω0 for different Fermi energies. At low
Fermi energies, the interband conductivity is essentially given by intraband conductivity,
and both of them contribute to the linear conductivity. In the case that Fermi energy, Ef
is greater than 20meV from the Dirac points, terahertz radiation with, ω0/2pi = 2 THz
will not be able to promote significant interband transitions, so the dominant contribution
of the linear conductivity at higher Fermi energies is intraband conductivity. The linear
conductivity increases with Fermi energy, which means that the loss is high for large Fermi
energies.
Sipe et al. in their theoretical work [4] explain how third order conductivity depends
on the Fermi energy and the frequency of the input field. The third order conductivity
of the graphene versus the Fermi energy for a frequency of ω0/2pi = 2 THz is plotted in
Fig. S3. The real part of the third order conductivity tends to zero for Ef > 20meV , and
the imaginary part decreases with Fermi energy for Ef > 20meV , as shown in the inset.
Therefore, to have a higher nonlinear conductivity and a lower linear conductivity, so as
to potentially higher nonlinear response from graphene, we should work at as low a Fermi
energy, as possible.
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FIG. S2. Linear conductivity of the graphene contains interband and intraband conductivities at
the frequency of ω0/2pi = 2 THz and 3ω0/2pi = 6 THz for different Fermi energies in the unit of
the universal conductivity of the graphene (σ0).
IV. NUMERICAL CALCULATIONS OF THIRD HARMONIC ELECTRIC FIELD
In this section, we show how to calculate numerically the generated third harmonic electric
field obtained from Eq. (18). This equation contains two terms, if we replace J tot0 (z0; 3ω) by
Eq. (16). The first integral in the Eq. (18) can be solved analytically. For 0 6 z 6 L, for
the nth mode, the integration can be evaluated as,
∫ L
0
σ(3)(ω)[E1e
iβ˜1(ω)z0 sin(k0nb/2)]
3eiβ
0
n(3ω)|z−z0|dz0 (21)
= σ(3)(ω)E31 sin
3(k0nb/2)
{
ei3β˜1(ω)z − eiβ0n(3ω)z
i3β˜1(ω)− iβ0n(3ω)
+
ei3β˜1(ω)Leiβ
0
n(3ω)(L−z) − ei3β˜1(ω)z
i3β˜1(ω) + iβ0n(3ω)
}
.
Then, Eq. (18) can be written as
E(3)x (y, z; 3ω) = T (b/2, z; 3ω)+σ
(1)(3ω)
∞∑
n=1
{
Cn
∫ L
0
E(3)x (b/2, z0; 3ω)e
iβ0n(3ω)|z−z0|dz0
}
, (22)
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FIG. S3. The solid (dashed) curve shows the real (imaginary) part of the third order conductivity.
The real part approaches to zero for Ef > 20meV , and the imaginary part (shown in the inset)
reduces with Fermi energy for Ef > 20meV . The fundamental frequency is ω0/2pi = 2 THz and
the conductivity is measured in the unit of the universal conductivity of the graphene, σ0 = e2/2~.
where
T (b/2, z; 3ω) = σ(3)(ω)E31 sin
3(k0nb/2)
∞∑
n=1
Cn
{
ei3β˜1(ω)z − eiβ0n(3ω)z
i3β˜1(ω)− iβ0n(3ω)
(23)
+
ei3β˜1(ω)Leiβ
0
n(3ω)(L−z) − ei3β˜1(ω)z
i3β˜1(ω) + iβ0n(3ω)
}
and
Cn ≡ −3ωµ
bβ0n(3ω)
sin(k0nb/2) sin(k
0
ny). (24)
To calculate the third harmonic electric field at the graphene (y = b/2) or any other point
(y), we need to solve Eq. (22) self-consistently. We define the Green function as
G(z, z0) =
∞∑
n=1
Cne
−iβ0n(3ω)|z−z0| (25)
and, solve Eq. (18) for the generated third harmonic field at the graphene (y = b/2):
E(3)x (y = b/2, z; 3ω) = T (y = b/2, z; 3ω) + σ
(1)(3ω)
∫ L
0
G(z, z0)E
(3)
x (y = b/2, z0; 3ω)dz0.
(26)
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Because the Green function diverges when z = z0, to remove this divergence, we add and
subtract the following expression to the Eq. (26)
σ(1)(3ω)
∫ L
0
G(z, z0)E
(3)
x (b/2, z; 3ω)dz0. (27)
Then,
E(3)x (b/2, z; 3ω) =T (b/2, z; 3ω) (28)
+σ(1)(3ω)
∫ L
0
G(z, z0)[E
(3)
x (b/2, z0; 3ω)− E(3)x (b/2, z; 3ω)]dz0
+σ(1)(3ω)E(3)x (b/2, z; 3ω)
∫ L
0
G(z, z0)dz0.
To solve Eq. (28) numerically, we discretize z0 and z respectively as z0j = j∆z, zi = i∆z,
where i, j = 1, ..., N and ∆z =
L
N − 1 and switch the integral over z0 to summation. We
define,
Gij =G(zi, z0j) (29)
K(zi) =
∫ L
0
G(zi, z0)dz0 = Ki
Thus, we obtain
Ei ≡E(3)x (b/2, zi; 3ω) = Ti + ∆zσ(1)(3ω)
∑
j
Gij[Ej − Ei] + σ(1)(3ω)EiKi, (30)
Ei =Ti + σ
(1)(3ω)
∑
j
G˜ij[Ej − Ei] + σ(1)(3ω)EiKi,
where
Ti ≡ T (b/2, zi; 3ω) (31)
and
G˜ij =
 ∆zGij i 6= j0 i=j (32)
Then, we can write Eq. (30) as
σ(1)(3ω)
∑
j
{δij[1 + pi −Ki]− G˜ij}Ej = Ti, (33)
where
pi ≡
∑
l
G˜il. (34)
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Finally, we define
[F ]ij = σ
(1)(3ω){δij[1 + pi −Ki]− G˜ij}, (35)
and we can solve for the self-consistent third harmonic electric field as,
E = [
↔
F ]−1T. (36)
We find for our structure that the number of grid points needed to obtain convergence in
solving for E is about N = 1000.
V. DISPERSION RELATIONS
Fig. S4.(a) shows the effective refractive index differences between n = 1 mode at ω0
and nth mode at 3ω0. Two vertical lines are shown on the plot - one at the frequency of
ω0/2pi = 2 THz and one at the 3ω0/2pi = 6 THz. We choose the fundamental mode to
propagate in the TE1 mode, and the horizontal black line shows the three times of the
effective refractive index of the first mode at ω0/2pi. For the phase matching to occur, one
of the modes must come close to the intersection of the horizontal line with the vertical line
at 3ω0/2pi = 6THz; the best phase matching happens between TE1 mode at ω0 and the
TE3 mode at 3ω0. The inset in the Fig. S4.(a) shows the effective refractive index difference
for different Fermi energies close to 3ω0. It shows that the best phase matching occurs at
low Fermi energies. Fig. S4.(b) represents the loss coefficient for n = 3 at 3ω0 at different
plate separations. In comparison to the loss coefficient for n = 1 at ω0, the loss coefficient
for n = 3 at 3ω0 is small; for example, it is α(3ω0) = 0.318mm−1 for plate separation of
b = 70µm and Ef = 50meV , where for the same structure, α(ω0) = 1.04mm−1.
VI. ACCURATE APPROXIMATION TO EVALUATE THE GENERATED THIRD
HARMONIC FIELD
In this section, we derive an approximate method to solve for the generated third harmonic
electric field at the graphene with no need to explicitly solve it self-consistently. Using the
lossy modes ( replacing β0n(3ω) by β˜n(3ω)) and including n = 1 and n = 3 modes in Eq. (4)
in the main text, we obtain
G(z, z0) =
∑
n=1,3
−3ωµ
2β˜n(3ω)I
sin(k˜∗n
b
2
)eiβ˜n(3ω)|z−z0|dz0,
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FIG. S4. (a): The effective refractive index relation for the waveguide with b = 70µm at
Ef = 50meV . The first vertical line is at the fundamental frequency ω0/2pi = 2 THz, and
the second one is at 3ω0/2pi = 6 THz. The horizontal black line represents three times of the the
effective refractive index at ω0 for first mode. The effective refractive index relations for different
Fermi energies is shown in the inset. (b): Loss coefficient in the n = 3 mode at 3ω0 as a function
of plate separation for three different Fermi energies.
where I is the normalization factor given by
∫ b
0
sin(k˜ny) sin(k˜
∗
ny)dy ' b/2. The total nonlin-
ear current density at 3ω in the graphene in the case of lossy modes is
J tot0 (z; 3ω) = σ
(3)(ω)[E31e
3iβ˜1(ω)z sin3(k˜1
b
2
)], (37)
since we omit the self-current, which is accounted for approximated in the complex β˜n(3ω).
Therefore, the generated third harmonic field at the graphene, given by Eq. (3) in the main
text, can be written as
E(3)x (y, z; 3ω) =
∑
n=1,3
−3ωµ
2β˜n(3ω)I
sin(k˜∗n
b
2
) sin(k˜ny)
∫ L
0
J tot0 (z0; 3ω)e
iβ˜n(3ω)|z−z0|dz0, (38)
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Solving the integral in Eq. (38) analytically, we obtain the generated third harmonic electric
field as
E(3)x (y, z; 3ω) =
∑
n=1,3
3iωµ
β˜n(3ω)b
sin(k˜∗n
b
2
) sin(k˜ny) (39)
× σ(3)(ω)E31 sin3(k˜1
b
2
)
×
{
ei3β˜1(ω)z − eiβ˜n(3ω)z
3β˜1(ω)− β˜n(3ω)
+
eiβ˜n(3ω)(L−z)ei3β˜1(ω)L − ei3β˜1(ω)z
3β˜1(ω) + β˜n(3ω)
}
,
where we use I ' b/2. The second term in Eq. (39) is due to the backward propagating
wave, which is negligible in comparison to the first term. Calculations for the generated third
harmonic electric field by using the approximated method are much easier and faster than
the other method explained in the main text and in Sec. IV in the supplemental material.
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